A GEOMETRIC VERSION OF BGP REFLECTION FUNCTORS 



STEFAN WOLF 

Abstract. Quiver Grassmannians and quiver flags are natural generalisations 
of usual Grassmannians and flags. They arise in the study of quiver represen- 
tations and Hall algebras. In general, they arc projective varieties which are 
neither smooth nor irreducible. 

We use a scheme theoretic approach to calculate their tangent space and 
to obtain a dimension estimate similar to the one of Reineke in [Rei02] . Using 
this we can show that if there is a generic representation, then these varieties 
are smooth and irreducible. If we additionally have a counting polynomial 
we deduce that their Euler characteristic is positive and that the counting 
polynomial evaluated at zero yields one. 

After having done so, we introduce a geometric version of BGP reflection 
functors which allows us to deduce an even stronger result about the constant 
coefficient of the counting polynomial. We use this to obtain an isomorphism 
between the Hall algebra at g = and Reineke's generic extension monoid in 
the Dynkin case. 



One of the first non-trivial varieties one studies when learning algebraic geometry 

is the Grassmannian. It consists of r-dimensional subspaces of a fixed rf-dimensional 
vector space V. The (vector space) Grassmannian is smooth and irreducible, has 
a nice functor of points and the tangent space at an r-dimensional subspace U of 
V is given by linear maps from U to V/U. A first generalisation of this variety 
is the flag variety, which consists of a filtration of V by subvector spaces of fixed 
dimension vectors. 

Although the vector space Grassmannian already leads to interesting geometrical 
problems, it is still very easy. A generalisation is given by talcing quiver Grassman- 
nians. A quiver Q is an oriented graph and a fc-representation of Q is given by 
assigning a fc-vector space to each vertex of Q and a fc-linear map between these 
vector spaces to each arrow of Q. The dimension vector of a finite dimensional k- 
representation M is the tuple of dimensions of the vector spaces at the vertices. For 
a fc-representation M the quiver Grassmannian consists of subrepresentations of M 
of dimension vector d. In general, this scheme is much more complex, or interesting, 
as the vector space Grassmannian. It is generally neither smooth nor reduced nor 
irreducible. Studying the quiver Grassmannian was first done by Schofield [Sch92] 
when he introduced a calculus of Schur roots. Recently it received attention for 
example by Caldero and Chapoton [CC06] when they showed that its Euler charac- 
teristic gives cocfficionts in the cluster algebra. Caldero and Reineke [CR] showed 
that the Euler characteristic is positive provided that the quiver is acyclic and that 
the representation is rigid by using Lusztig's pervese sheaf approach [Lus93] to 
quantum groups. There is also the natural generalisation to quiver flags, but up to 
now there has been no work investigating geometric properties of those. 
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The first part of this paper deals with a geometric analysis of quiver flags and 
quiver Grassmannians. We introduce their functors of points and calculate their 
tangent spaces. In order to do this for the quiver flag we use a generalisation of 
tensor algebras. Then we use this information and Chevalley's theorem to obtain 
a dimension estimate for the quiver flag similar to the one of Reineke [Rei02] for 
quiver Grassmannians, but here it holds not only in characteristic 0. Afterwards, 
we use this to show smoothness and irreducibility of the quiver flag if there is a 
generic representation. Finally, under this assumption and additionally having a 
counting polynomial, we obtain the positivity of the Euler characteristic and that 
the constant term of the counting polynomial is 1. 

There is Ringcl's Hall algebra approach to quantum groups [RinQOa]. He gener- 
alised a construction of Steinitz [SteOl] and Hall [Hal59] to obtain an associative 
algebra structure on the Q- vector space TikiQ) with basis the isomorphism classes 
of representations of Q over a finite field k, the Ringel-Hall algebra. The struc- 
ture constants are given by counting numbers of subrepresentations having a fixed 
isomorphism class such that the quotient also has a fixed isomorphism class. 

The whole Ringel-Hall algebra is generally too complicated, and therefore one 
introduces the Q-subalgebra Ci.{Q) generated by the isomorphism classes of simple 
representations without self-extensions. The coefficients of a representation in the 
product of a sequence of simples is given by the number of fc-valued points of a 
certain quiver fiag variety, therefore counting rational points of these varieties is 
crucial there. There is a generic version Cq{Q), a Q[(7]- algebra, such that specialising 
q to |A;| recovers Ck{Q)- Ringel's paper [Rin90a], for the Dynkin case, and later 
Green's paper [Gre95] combined with a result of Sevenhant and Van Den Bergh 
[SVDBOl], for the general case, yield that, after twisting the multiplication with 
the Euler form of Q, the generic composition algebra Cq{Q) ® 'C{q) is isomorphic to 
the positive part of the quantised enveloping algebra of the Kac-Moody Lie algebra 
corresponding to Q. 

Reineke [Rei02] showed that one has a monoid structure on the set of irreducible 
closed subvarieties of the representation variety. The multiplication is given by 
taking all possible extensions. This monoid is called the generic extension monoid 
M.{Q). Similarly to the Hall algebra, it is in general too complicated, so one restricts 
itself to the submonoid generated by the orbits of simple representations without 
self-extensions, the composition monoid CM{Q). The elements of the composition 
monoid are the varieties consisting of representations having a composition series 
with prescribed composition factors in prescribed order and are therefore closely 
related to quiver flags. 

For the generic composition algebra viewed as a Q(w)-algebra with = q the 
(twisted) quantum Serre relations are deflning as shown in [Rin96] . Reineke showed 
that the quantum Serre relations specialised to g = hold in the composition 
monoid. They are in general not defining any more if we specialise g to in the 
composition algebra. But nonetheless one can conjecture, as Reineke did in [ReiOl] 
and [Rei02], that there is a homomorphism of Q-algebras 

Co{Q)^QCM{Q) 

sending simples to simples and therefore being automatically surjective. 
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The first step in this direction was done by Hubery [Hub05] showing that for the 
Kronecker quiver 



$ is a homomorphism of Q-algebras with non-trivial kernel. He did this by calcu- 
lating defining relations for Co{K) and CA4{K). He also was able to give generators 
for the kernel of 

In order to get further results in this direction, we need to calculate many of 
the structure coefficients in the composition algebra. These are given by counting 
fc-valued points of quiver flags of a representation M over finite fields k. For this, 
we develop a framework for applying reflection functors to quiver flags. We give 
a stratification of the flag into locally closed subschemes such that on each strata 
we can nicely apply reflection functors. We will see that this operations does not 
change the number of A;- valued points modulo the number of elements of the field 
k. Using this, we can immediately show that for the Dynkin case the coefficients at 
q = are one or zero and by this we obtain immediately that Co{Q) and QCM.{Q) 
are isomorphic. 



We want to define some functors from commutative rings to sets which are 
schemes, ending up with the quiver Grassmannian. These should turn out to be 
useful to define morphisms between schemes naturally coming up in representation 
theory of quivers. All of this section should be standard. We say that a scheme X 
over some field k is a variety if it is separated, noetherian and of finite type over k. 
The main reference for the geometric methods is [DG70]. 

For a commutative ring R and an i?-module P we say that P has rank r if for 
every prime p G Speci? we have that the localisation Pp is free of rank r as an 
i?p-module. As a consequence P is projective. Let d,e,r £ N. We define various 
schemes via their functors of points from commutative rings to sets. Let R he a, 
commutative ring. We define 



K= • 



1. Geometric setup 



Hom(ti, e){R) 



Homfl(J?^i?^), 




lni{d,d + e){R) 



{ / € Hom(d, d + e){R) | / is a split injection } 
Hom(d, d + e)d(i?) 



and 



Surj(rf + e,e)(i?) 



{g & Hom((i + e, e){R) \ g is surjective } 
Hom(d + e, e)e(-R). 



We define the Grassmannian scheme via its functor of points 



Gr ( \{R) := {P C R"^^" | P is a direct summand of rankrf } . 
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If d = {(f, . . . is a sequence of integers, we define the fiag scheme Fl(d) C 

nGr(^;)as 

Fl(d)(i?) := I . . . , £/^) e n Gr {R) 

Let n e N. We define the group scheme GL„ via its functor of points 

GL„(J?) := GL(i?"). 

Lemma 1.1. Let d, e, r G N and d = {d^, . . . , d") a sequence of integers. Then 

(1) Hom((i, e) is an afiine space. 

(2) Honi(('i, e)r is a locally closed subschcmc of Hom(d, d + e). 

(3) Inj(d, d+ e) is an open subscheme of Hom(d, d + e). 

(4) Surj(d + e, e) is an open subscheme of Hom(d + e, e). 

(5) Gr ('^J^) and Fl(d) C H^r (^i) are projective schemes, smooth over Z. 

(6) GL„ is a smooth group scheme over Z. 

(7) The projection Inj{d, d + e) ^ Gr C^*^) sending each / to Im(/) is a prin- 
cipal GLrf-bundle, locally trivial in the Zariski topology. 

Proof. For (l)-(4) and (7) see, for example, [CB96a]. For (5) and (6) see [DG70]. 

□ 

Now we generalise these schemes to quivers. For standard notations and results 
about quivers we refer the reader to [Rin84]. A quiver Q = {Qo,Qi,s,t) is a 
directed graph with a set of vertices Qo, a set of arrows Qi and maps s,t: Qi Qo, 
sending an arrow to its starting respectively terminating vertex. In particular, we 
write a: s{a) — + t{a) for an a e Qi. A quiver Q is finite if Qo and Qi are finite 
sets. In the following, all quivers will be finite. For a quiver Q = {Qo, Qi,s, t) we 
define Q"'' := (Qo, Qi, t, s) as the quiver with all arrows reversed. 

A path of length r > in Q is a sequence of arrows ^ = aia2 - ■ ■ cxr such that 
t{ai) = s{ai+i) for all 1 < i < r. We write t{^) := t{ar) and s{£_) := s{ai). 

For each i € Qq there is the trivial path of length zero starting and terminating 
in the vertex i. We identify the elements of Qo with paths of length 0. We denote 
by Qihj) the set of paths starting at the vertex i and terminating at the vertex j. 

If i? is a ring, then the path algebra RQ has as basis the set of paths and the 
multiplication ^ • C is given by the concatenation of paths if t{^) = s{Q or zero 
otherwise. In particular, the are pairwise orthogonal idempotents of RQ, that is 

Let Qr denote the set of paths of length r. This extends the notation of vertices 
Qo and arrows Qi. Then 

RQ = ^RQr, 

r>0 

where RQr is the free iJ- module with basis the elements of Qr- By construction, 

RQyRQ s — RQr+si 

thus RQ is an N-graded i?-algebra. 

We define a partial order on ZQo by d = djCj > if and only if dj > for all 
i e Qo. An element d G ZQo is called a dimension vector. We endow ZQo with a 



U' C U'+^ for 
all < i < 1/ 
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bilinear form {■ ,-)q defined by 

(rf,e)Q := ^ diCi-^diej. 

This form is generally called the Euler form or the Ringel form. We also define its 
symmetrisation 

{d,e)Q := {d,e)Q + {e,d)Q. 

Let Q be a quiver and khe a. field. A fc-representation M of Q is given by finite 
dimensional fc- vector spaces Mi for each i G Qo and fc-linear maps Ma : Mi Mj 
for each a G Qi. If M and N arc /s-representations of Q, then a morphism f:M—^ 
N is given by fc-linear maps fi : Mi Ni for each i £ Qo such that the following 
diagram commutes 



M, 




for all a: i j € Qi- Denote by rep{Q,k) the category of finite dimensional 
fc-representations of Q. 

We will use the following notations for a fc-algebra A and two finite dimensional 
A-modules M and A'': 

• (M,Ar)A:=HomA(M,Ar), 

• {M,N)\:=Ext\{M,N), 

• [M, N]a ■■= dimfe HomA(M, A^), 

• [M, N]\ := dimfe ExtX(M, A^). 

Note that [M,N]° = [M,N] and {M,N)° = {M,N). If Q is a quiver, we define 
{M,N)q := {M,N)kQ if M and N are fc-representations and similarly for the 
other notations. For dimension vectors d and e we denote by homfeQ((i, e) the 
minimal value of [M,N]q for M e RepQ(rf, fc) and N e RepQ(e, fc) and similarly 
for ext^g (d, e) . More generally, if A and B are subsets of Repg (d, fc) and Repg (e, fc) 
respectively, then hom(^, B) and ext'(^, B) are defined analogously. Whenever the 
algebra, the field or the quiver is clear from the context, we omit them from the 
notation. If our algebra is hereditary wc denote Ext'^ by Ext. 

Let M be a fc-representation. A sequence of dimension vectors d= (d°, . . . , d'') 
is called a filtration of M, or of dim M, if d' < d° = and d'' = dim M. 

Let Q be a quiver, d and e dimension vectors and d = (d^, . . . a filtration. 
By taking fibre products we can generalise the previous constructions and define 
Hom(d,e), Inj(d,d+e), Surj(d + e,e), Gr (-+-), Fl(d) and GL^ pointwise. For 
all above schemes we can do base change to any commutative ring fc, and we will 
denote these schemes by e.g. Hom(d, e)fc. 

Definition 1.2. Define the representation scheme 

RepQ(d) := Hom(dj,dj). 

This is isomorphic to an affine space. Moreover, GL^ acts by base change on 
RepQ(d). 
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Remark 1.3. For each scheme defined for a quiver Q we often omit the index if Q 
is obvious, e.g. Rep(rf) = RepQ(rf). 

More generally, we have the module scheme. 

Definition 1.4. Let fc be a field, A a finitely generated fc-algebra and 

p: k{xi, . . .,Xm) A 

a surjective map from the free associative algebra to A. The affine fc-scheme 
ModA((i) is defined by 



ModA(d)(i?) = <^ {M\ . . .,M"') e (End(i?'^))" 



/(Mi,...,M™) = 
V/eKerp 



There is a natural GL^-action on ModA(rf) given by conjugation. 

Remark 1.5. We have that ModA(rf) is isomorphic to the functor 

R ^ Homfl_„,g(A O R, End(i?'')). 

Therefore, another choice of p gives an isomorphic scheme. 

Let {ej}jg7, / some index set, be a complete set of (not necessarily primitive) 
orthogonal idcmpotcnts for A. Wc say that a A- module M has dimension vector 
d = ^djCj G with respect to this idempotents, if dimMj = dim Mci = di. The 
subscheme ModA(rf) consisting of A-modules of dimension vector d is an open and 
closed subscheme of ModA(rf), therefore 

ModA(d) =]jModA(d). 

Let Q be a quiver, k a field, d an integer and d a dimension vector such that 
J2 di = d. Then, after choosing an isomorphism fc**' k'^, there is a natural 
immersion 

RepQ(d) ^ ModfcQ(d) c ModkQid). 

Note that GL^(fc)-orbits in RepQ(c|)(A;) are in one-to-one correspondence with 
isomorphism classes of fc-representations of dimension vector d. Similarly, GL,i{k)- 
orbits in ModA{d){k) are in one-to-one correspondence with isomorphism class of 
A-modules of fc-dimension d. 

We define now quiver fiags and quiver Grassmannians as varieties. Choose a 
fc-representation M € RepQ(d + e)(fc). Wc set 



Gr,(^)(i?):={c/.Gr('^;^) (i?) 



J7 is a subrepesentation of 



for each fc-algcbra R. Then Grg (^^) is a closed subscheme of Gr {~^~) ^ and there- 
fore projective. In a similar way we obtain a closed subscheme Fig (^) of Fl(d)fe 
for a filtration d of M. 

Let A be a fc-algebra and d, e two integers. For a A-module M e ModA(rf -|- e) 
we define 

GrA (R) := l^U €Gr (^^^^ (R) C/ is a submodule of M Ofe i? | . 
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Again, for some set of idempotents {ei} we define GrA (^'^^) as the subscheme 
consisting of submodules having dimension vector d and obtain 

each GrA (^) being open and closed in GrA (^). Moreover, for A = kQ we obtain 
that 



via the immersion RepQ(d) ModkQ{d). 
We have the following well-known result. 

Proposition 1.6. Let X,Y be two schemes, Y being irreducible. Let /: X — > F be 

a morphism of schemes such that / is open and for each z €Y the fibre f~^{z) is 
irreducible. Then X is irreducible. 

Proof. Take ^ ^ U,V C X and U, V open. We need to show that U HV is non- 
empty. We know that f{U) and f{V) are non-empty and open in Y. Therefore, 
they intersect non-trivially. Let y G .f{U) O ,f{V). By definition, wc have that 
U n f~^{y) ^ and V (1 f~^{y) ^ and both are open in f~^{y). By assumption, 
the fibre f~^{y) is irreducible and therefore U r\Vr\f~^{y) ^ and we are done. □ 

Remark 1.7. The same is true for arbitrary topological spaces, since the proof relies 
purely on topology. 

2. Tangent spaces 

Let fc be a field and A a finitely generated fc-algebra. We want to calculate the 
tangent space at a point of GrA (^) . 

Lemma 2.1. Let d,e E N, k a. field, A a finitely generated A;- algebra and M € 
ModA(rf+ e)(fc). Let U e GrA Cd){K), for a field extension K of k. Then 

Tu GrA (^^^ ^ HomA8,K(f/, (M ®fc K)/U). 

Proof. In this proof we use left modules since the notation is more convenient. For 

the tangent space we use the definition of [DG70, I, §4, no 4]. By base change, wc 
can assume that K = k. We prove the claim by doing a fc[£]-valued point calculation 
(e^ = 0). The short exact sequence 

> U p-^ M M/U > 

is split in the category of fc- vector spaces, therefore there is a retraction p of t and 
a section j of tt. We consider elements of U as elements of M via the inclusion l. 

The map k[e] k given hy s + re i-^ s induces a map 6: V ^ k[s] ^ V fov each 
fc- vector space V. 

For each homomorphism / e HomA(?7, M/U) we define 

Sf := {u + ve\^i eU, 7r(?;) = f{u) } C M®k[e\. 

Note that e{Sf) = U. We need to show that Sf G GrA0fe[e] {"®^^'''^) and that every 
element S of the Grassmannian with 6{S) = U arises in this way. 
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First, we show that Sf is a A (g) A:[£]-submodule. Let u + vs £ Sj and r + se £ 
A® k[e]. Then we have 

(r + ss){u + ve) = ru+ {rv + su)e. 

Since 7r{v) = f{u), u gU and / is a A-homomorphism we obtain that 

7r(rw + su) = r'jT{v) = rf{u) = f{ru). 

Therefore, Sj is a A (g) k[s] submodule. 

Now we show that Sf is, as a fc[£]-module, a summand of M g) k[e] of rank d. 
Let / G Homfe(i7, M) := j o / be a fc-hnear Uft of /.Let 

^ii: ® A;[£] ^ M (g) fc[e] 

u + ve u + (/(u) + 

Obviously, (j) is A;[£]-linear and Imc^ = Sf. Moreover, </> is split with retraction 

tjj: M <Si k[e] U k[e] 

X + ye 1-^ p{x) + p{y — / o p[x))e. 

Therefore, 5*/ is a summand of M (g k[e] of rank d. 

On the other hand, let S G GrA^fef^j (A'-f^fel'^l) such that e{S) = C/. Then, Ue is 
a fc-subspacc of S with dim^ Ue = d, therefore dim^, S/{Ue) — d. The map sending 
M + we G 5* to M G U IS surjective, therefore the induced map from S/(Ue) is an 
isomorphism. Hence, for each u Cz U there is a w G Af, such that u + ve € S and 
V is unique up to a element in Ue. Set /(h) := tt{v) and, by the discussion before, 
this docs not depend on the choice of v and wc have that 5* = Sf. Moreover, 
/ G HomA([/, M/U): Let r G A, m G C/ and v G M, such that u + ve^S. Then, 
ru + rve G S. By definition, f{ru) = Tr{rv) = rn{v) = rf{u). □ 

3. Tensor algebras 

We now want to calculate the tangent space at the quiver flag variety by using 
the previous result on the tangent space at the module Grassmannian. For this we 
use tensor algebras, or more precisely a generalisation of them. 

Let Ao be a ring and Ai a Ao-bimodule. Define the tensor ring T(Ao, Ai) to be 
the N-graded Ao-module 

A := A^, A^ := Ai Oa^ • • • Oao Ai {r times), 

r>0 

with multiplication given via the natural isomorphism A^. (gAo — Ar+s- If A G A^. 
is homogeneous, we write |A| = r for its degree. 

The graded radical of A is the ideal A+ := 0r>i A^. Note that A+ = Ai (g)Ao A 
as right A-modules. 

Lemma 3.1. Let R and S be rings. Let An, jiBs and Cs be modules over the 
corresponding rings. Assume that rBs is 5'-projective and i?-flat. Then 

Ext5(A(gKB,C) ^ F.xtl{A,Roias{B,C)). 

Proof. Choose a projective resolution P, of Aji. The functor — (g^ B is exact, 
and for any projective module Pr the functor Hom5;(P 0^ B, — ) = Homj{(P, — ) o 
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}ioms{Bs, — ) is exact since Bs is projective. Therefore, P, ®rB gives a projective 
resolution of A 0jj Eg as an S'-module. We obtain 

Extg(A Ofl B, C) = if" Homs(P. ®r B, C) ^ 

^ ii"Homii(P.,Homs(B,C)) = Ext^(A,Homs(B,C)). 

□ 

The foUowing proof is the standard proof for showing that a "classical" tensor 
algebra, i.e. a tensor algebra where Aq is semisimple, is hereditary. 

Theorem 3.2. Let A be a tensor ring and M e Mod A. Then there is a short exact 
sequence 

^ M (g)A„ A+ ^ M Oao A M ^ 0, 
where, for m e M, A € A and fj, G Ai, 

CMim (g) A) := m • A, 
Shii'm- (Xi (^i (Xi A) := TO (g) (g) A) — m • /X (g) A. 
Moreover, if a^Ai is flat, then pdM$$AoA-+ < gldimAo and pdM(^\gA < gldim Aq. 

Proof. It is clear that ejvf is an epimorphisni and that ^m^m = 0- To see that 5m 
is a monomorphism, we decompose M (g A = ®r>o ® ^-r and similarly M g) A_|_ 
as Ao-modules. Then 5m restricts to maps M g) A^ ^ (M (g) A^) ® (M (g) A^-i) for 
each r > 1 and moreover acts as the identity on the first component. In particular, 
if X^^^i Xr G Ker((5M) with Xr & M ® A^, then xt = 0. Thus 5m is injective. 

Next we show that M(gA = (M(gAo)eIm((5M)- Let a; = X^*=o^'- e M0A. We 
show that X G (M g) Aq) + Im((^M) by induction on f. For t = Q this is trivial. Let 
t>l. Then xj G M(g A_|_ and x — 5M(a;t) = X]r=o -^r- ^'^^ done by induction. 

If X e Im(^M)nM(gAo, then there is a y e M0A+ such that (5m(?/) = a; e M^Aq. 
But this is only the case if y = and therefore x = 0. 

Now let AqA-i be flat. Then Aq A is flat. If N is any Ao-module, then pdA N®K < 
pdAo N since 

Ext^(Af (g) A, L) ^ Ext^„ {N, HomA(A, L)) = Ext^„ {N, L) 

for any L G Mod A by the lemma. Therefore, the second part follows since A+ = 
Ai (g A. □ 

Let R be any fc-algebra of finite global dimension and let M, N be two i?-modules. 
The Euler form of M with N is defined by 

oo 

{M,N)^ := ^dimfcExt'(M,7V). 

i=0 

Ringel showed that for a quiver Q and two fc-representations M and A'' we have 
that 

(M,7V)q = (M,7V),q. 

Now let Q be a quiver and Aq = i?*5o for a fixed ring R. Let Ai := R^^ be 
the free Ao-bimodule given by the arrows. The tensor ring T(Ao, Ai) is then equal 

to RQ. Note that {ei}ieQo an orthogonal, complete set of idcmpotcnts. As 
before, for an i?(5-module M we denote Mcj by Mj. As /^-modules we have that 
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Theorem 3.3. Let i? be a fc-algebra with gldimi? = n < oo. Let M and N be two 
finite dimensional modules over RQ. Then the Euler form is given by 

ieQo a: «— >J 

Proof. Let Aq = R^". There is a natural Ag-bimodule structure on Ai = R'^^ . Let 
A = T(Ao, Ai) = RQ. Let ^ M ®Ao Ai ®Ao A ^ M (g)Ao A ^ M ^ be the 
short exact sequence of the previous theorem. Apply Hom(— , N) to it and consider 
the long exact sequence 

— > HomA(M, N) — > HomA(M Oao A, N) HomA(M Oao Ai 0Ao A, N) 



^ — > Exti(M, TV) > Exti(M (8)Ao A, N) > Ext\(M (8)Ao Ai A, N) 



4 ExtX(M, N) > ExtX(M Oao a, N) > ExtX(M Oao Ai Oao A, N) 



— > Extl+^{M, N) > 0. 

Here we obtain the last since the pdM (E) A < gldim R by the previous theorem. 
Now, since AqAa is projective as a Ao-modulc and as a A-module, we obtain 

ExtX(M®Ao A, TV) ^ ExtX^(M,iV) ^ Ext^(Mi,iVi) 

and 

ExtX(M <^Ao Ai Oao a, N) ^ ExtX^(M Ai, TV) ^ Ext*^(Mi, iV,). 

a: i— >j 

This yields the claim. □ 
Remark 3.4. Note that, for a field k, we recover Ringel's result, namely that 
^ dim Mi dim iVj - ^ dim Mj dim Nj = [M,N]kQ- [M, N]Iq 

i&Qo ct: i^j 

for two fc-representations M and N of a, quiver Q. 

4. Geometry of Quiver Flags 

Now we come back to quiver flags. Let be a fleld. We can consider KepQ{d) as 
an afiine scheme over k with the obvious functor of points. More generally, we work 
in the category of schemes over k. Fix a filtration d={ff = 0<d^<---< d"). 

Denote by A^^i the quiver having v -\- 1 vertices numbered from to u and 
arrows going from vertex i to vertex i + 1 for < i < z/. Let A := {kQ)A,y^i. Then 
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mod A is the category of sequences of ^-representations of Q of length v + 1 and 
chain maps between them, i.e. a morphism between two modules 

M = M° ^ ^ > M" 

and 

N = N° ^ ^ >N'' 

is given by a commutative diagram 

M° > ^ ••• > 



N° > > ••• > N". 

For A it is easy to calculate the Euler form of two modules M, N e mod A by using 
theorem 3.3: 

i=0 1=0 

We show that GrA (^) ^ Fig (^), where M = (M = M = • • • = M), and then 
use the previous results to calculate the tangent space. 

Lemma 4.1. Let d be a filtration and M e RepQ(d'')(fc). Let 



U={U",U\...,Un&FlQ (^^) 



for a field extension K of k. Then we have that 

TuFIq (^^^ ^RomA^K{U,{M<»K)/U), 

where A = {kQ)A^+i and M = (M = M = • • • = M) e ModAid"" ,d'' , . . .,d''){k). 
Proof. For a submodule 

[/ = (t/o ^ [/I ^ ••• ^ ?7^) € GrA (^)(^) 

we have automatically that the maps W J7*+^ are injections. Therefore, such 
a submodule U gives, in a natural way, rise to a flag U € Fig (^^)(^) and vice 

versa. This yields an isomorphism GrA (^) = Fig (^). Since GrA (^) is open in 

GrA (^), where d = Y.^ ^ d^, we have that, for a point U e Fig (^) (K), 

Tu Fig (^^J^ = Tu GrA (^^^ = Tu GrA (^^^ = HomA®if(f/, (M ® K)/U). 

□ 

We define the closed subscheme RepFlg (d) of Repg(d'') x Fl(d) by its functor 
of points 



RepFlg (d) {R) := | (M, U) e Repg(rf'')(i?) x Fl(d)(i?) 



C/eFlg 



We have the following. 
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Lemma 4.2. Let d be a filtration. Consider the two natural projections from the 
fibre product restricted to RepFlg (d). 

RcpFlg (d)^^RepQ(r) 



Fl(d) 

Then m is projective and 772 is a vector bundle of rank 

k—l a:i^j 

Therefore, RepFlg (d) is smooth and irreducible of dimension 



J2 {d\ct+^ - (t) + dimRepQ(d'^). 

Finally, the (scheme-theoretic) image Ad ■= tti (RepFlg (d)) is a closed, irreducible 

subvaricty of Kcp Q(d^). 

Proof. TTi is projective since it factors as a closed immersion into projective space 
times Repg followed by the projection to Repg. 

For / = (/i)igQo' ^Skch li C {1, . . . , }, we set Wj_ to be the graded subspace of 
fc-" with basis {ej}j^i^ in the i-th graded part k'^"i and |/| := {\Ii\)i^Qa € N'3°. For 
a sequence I = (/°,/\ ...,/") such that D and \t\ = - dl" we set 

Wi:={Wio,...,Wi.) 

to be the decreasing sequence of subspaces associated to 7. We show that 1^2 is 
trivial over the open afRne subset Ui of Fl(d) given by 

Ui{R) := { [/ e Fl(d)(i?) I e {Wp. (S)R) = R'^'^Y 

Without loss of generahty we assume l'^ = {d*^ + 1, . . . , dj'}. Each clement U G 
Ui{R) is given uniquely by some matrices Af G Mat(^i-_^fc-,x(d'=-(i'= j) such that 

/ id^i ^ 



\ 



A} 



A^ 



I 



Let := Let X be the closed subscheme of Repg(d'^) given by 

the functor of points 

X{R) := { M e Repg(rf'') \ V^®R\s.a. subrepresentation ofMVO<A;<z/}. 
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Note that X is an affine space of dimension 



k=l a:i^j 



Let gu ■■= {9i)ieQo where 



idrfi 



V 



id 



d?-d} 



A} 



id. 



AV — l 



id 



Then, the map from X x [// to f/j x pi RepFlg (d) given by sending (M, L^") to 
{gu ■ M, U) is an isomorphism which induces an isomorphism of vector spaces on 
the fibres. Therefore, we have that 7r2 is a vector bundle. 

Finally, we prove the claim on dimension. Since Fl(d) is smooth, we have that 

dimFl(d) = E E E ('^^ - di-')i4 - d'r') 

ieQo k=l l=k+l 

= E (e E E ^(d>,-dt')] 

ieQo \k=ll=k+l k=ll=k+2 ) 

= E {d-\d^-dr') + Y.dKdfi^'-d^)] = E (E'^iK'^'-^')! • 

/ j6Qo \fc=l / 



k=l 



Since RepFlg (d) is smooth and 1^2 is a vector bundle we obtain 
dim RepFlg (d) = dimFl(d) + E E^'^^ ~ 

ieQo \fe=l / a: i— >j fe=l 



= E E^'('^^'-'^')+ E ^^4-4^') + E <4 

fc=l 01: i^j j ol: i— >j 

= E {d^^d^^^ -d^) + dimRepQ(d"). 

□ 

Remark 4.3. Note that if M is a fc-valucd point of Ad for fc not algebraically closed, 
then M does not necessarily have a flag of type d. This only becomes true after a 
finite field extension. 
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We now can give an estimate for the codimension of Ad in I{jepQ{(f). For this 
we use Chevalley's theorem. 

Theorem 4.4 (Chevalley). Let fc be a field, X, Y irreducible A;-schemes and f : X ^ 
Y a dominant morphism. Then for every point y &Y and every point x S f~^{y), 
the scheme theoretic fibre, wc have that 

dim^: f ^^iy) > dimX — dimY. 

Moreover, on an open, non-empty subset of X we have equality. 

Proof. Sec [Gro65, §5, Proposition 5.6.5]. □ 

Theorem 4.5. Let d be a filtration, K a field extension of k, A := {KQ)A^^i and 
(M, U) e RepFlg (d) {K). Let M = (M = • • • = M) as a A-module. Then we 
have that 

codim^ld < dimExti(L/',M/t/) < dimExt\{U,M) < dimExt]fQ(M, M). 



Proof. Since dim^d is stable under flat base change wc can assume k = K. Let 
V := M/U. Then we have the following short exact sequence of A-modules: 

0: > > ■■■ > 

U : U° > > ••• > U" 



M : M = M 



V : v° > > • • • > V" 



0: > > ■■■ > 0. 

We already know that HomA(C/, V) is the tangent space of Fl (^) at the point U. 
Using Chevalley's theorem, we have that 

dimHomA(C7, V) > dim^ Fl ^^^^ > dim RepFlg (d) - dim^ld 

and therefore 

dim^d > dim RepFlg (d) — dimHomA(L'', V). 

We now calculate 



{u,v)^ = ±{u\v%-J:{u^v''+% 

fe=0 fc=0 
fe=l /s=l fc=l 



M 
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Recall that 

i>-i 

dim RepFlg (d) = ^ , - \ + dim Repg {d") . 

In total 

codim^d < dim Rep (d) + dimHomA(C/, V) — dimRepFlg (d) 
I/-1 

= dimHomA(C/, V) - ^ {i^A^^'^ - d^) = dimHomA(f/, V) - ( C7 , V)^ 

= dimExtj^((7, y) - dimExt^(C/, V). 

Here we have the last equality since gldimA < 2. Since gldimfcQ = 1 and P = 
P = ■ ■■ = P is projective in mod A for every projective P in mod fcQ we see that 
pd^ M <1 and similarly idA M <1. Consider, as before, the short exact sequence 

Since M has projective dimension less than two we have that {U, U)"^ = and that 
{U,V)^ = 0. Applying {-,M) gives a surjection (M,M)i (C/,M)^ Applying 
{U,—) yields a surjection {U,My — > (t/, V)^. Hence the above result simplifies 
to 

codim^lo < dimExt^(t/, V) < dimExt^(l7, M) < dimExt^(M, M). 
Obviously, ExtA(M, M) ^ Extj^Q(M, M) and the claim follows. □ 

Remark 4.6. Note that if the characteristic of k is 0, then, by generic smoothness, 
there is a point M G Ad and an [7 G Fl (^^) such that Fl ('^) is smooth in U and 

the value of dim Ext ^^^^^([7, (M (g) K)/U) is minimal. In this case we have that 

codim^d = dim Ext A®;^ ({7, (M ® K)/U). 

We also construct an additional vector bundle. 

Definition 4.7. Let d be a filtration. Let Repg^^^^^^ (d) be the scheme given via its 
functor of points 



([/,/) e l[RepQ{d')iR) X []Hom((|',(f+i)(i?) 



i=0 i=0 



Let IRepg^^^^ (d) be the open subscheme of Repg^^^^ (d) given by its functor of 

points 

IRepQ,^„^,(d)(it!) := { {U,f) G RepQ,^„^,(d)(i?) | f G Inj(d',d'+i)(i?) } . 

Remark 4.8. Note that Rcpg ^_^^j(d)(fc) consists of sequences of fc-representations 
of Q. Therefore, these are modules over {kQ)A^+i. Vice versa, every (fcQ)A,^+i- 
module of dimension vector d is isomorphic to an element of RepQ^^^^(d)(fc). 
We will often write U instead of {U,f) for an {U,f) G Repg^^^^ (d)(i?). 



16 



STEFAN WOLF 



Lemma 4.9. Let d be a filtration. Tiien tiie projection 

i=0 

given by sending 

is a vector bundle and therefore flat. In particular, IRepQ^^^^(d) is smooth and 
irreducible. 

Proof. The first part is analogously to lemma 4.2. Irrcducibility then follows by 
the fact that flat morphisms are open and proposition 1.6. □ 

Before we continue, we give the following easy lemma, stated by K. Bongartz in 
[Bon94], which gives rise to a whole class of vector bundles. 

Lemma 4.10. Let X be a variety over a ground ring k. Let m, n e N and / : X — > 
Hom(TO, n)fc a morphism. Then for any r € N, the variety X{r) given by the functor 
of points 

X{r){R) :={x€ | /(x) G Hom(m, n)„_^(i?) } 

is a locally closed subvariety of X. Moreover, the closed subvariety 

Ur{R) := { {x,v) e X{r){R) x i?" | f{x){v) = } 
of X{r) X fc™ is a sub vector bundle of rank r over X{r). 

Proof. The claim follows easily by using Fitting ideals. □ 

Example 4.11. Let (M,g) G Repg^^^^^ (e)(fc). 

Let ip: Repg^^^^^ (d) Hom(m, n) be the morphism given by 

{U, f)^(h= (/if) ^ ({hp^ - M>^h1U i^i, {hl+'f^ - g^h!l) i^Qo 

\ \ 0<k<v 0<fc<i/y 

for every {U,f) G Repg ,4^^^(d)(i?), where 

= E E n = ±Y. ^1^) + E E 

ieQo fe=0 /c=Oa:i^j fe=0 ieQo 

Then h G ker (^(U, /) if and only if h G Hom(ijQ)^_^_^j (17, M®R). 
Set 

RepHomg^^^^^ {d,M)r ■= MR) 
from the previous lemma. Note that elements (C/, h) G RepHomg^^^^ (d, M)^ (R) 
are all pairs consisting of a representation U G RepQ_^^^^(d)(f?) and a morphism 
h G Hom(flQ)^_^^j(L'', TVf) such that rankHom^jjgj^^^^^ ([/, Af) = r. 
The lemma yields that the projection 

RepHomg^^^^^^ (d, M)^ ^ R<^Pg,A,+i(^)(0 
{U,h) ^ U 

is a vector bundle of rank r. 

It also stays a vector bundle if we restrict it to the open subset IRepg j^^^^ {d){r) 
of Repg^^_^^j (d)(r). We denote the preimage under the projection to this variety 
by IRepHomg^^^^^ (d, M)^. 
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We obtain the following. 

Theorem 4.12. Let d be a filtration and K a field extension of k. Assume that 
there is an M e Ad{K) such that dimExt^Q(M, M) = codim^ld. Then Fig (^) 
is smooth over K and geometrically irreducible. 

Proof. Smoothness is an immediate consequence of the last theorem, since wc have 
that dim T[/ Fig (^) is constant and smaller or equal to the dimension at each 
irreducible component living in U. Since K is & field this implies smoothness. See 
[DG70, I, §4, no 4]. 

Now we prove irreducibility. By base change we can assume that K is alge- 
braically closed. Consider all the following schemes as JT- varieties. We construct 
the following diagram of varieties. 

IRepHomg ,4^^^ (d, M)r <°^^IRepInjg_^_^^^ (d, M)r 

vector bundle 

IRepQ,^^^^(d) ( ^ IRePg,A.+,(^)(r) 

r being equal to {d,M)^ + [M,M]^. Since open subvarictics and images of irre- 
ducible varieties are again irreducible and by application of proposition 1.6 we then 
obtain that Fig (^) also is irreducible. 

Consider the minimal value r of dimHom(l7, M) for U G IRep(d)(ii'). Denote 

by 

77 : IRep(d) ^ Repg(d'') 

Since Om is open in Ad and IRep is irreducible, the intersection of the two open 
sets Tr~^ (Om) and IRep(r) is non-empty. For all elements U of 'it~^{Om) we have, 
by theorem 4.5, that [U,M]\ = [M,M]^. We already saw that [U,M]'^ = 0, 
therefore 

[J7, M]a - ([/, M)^ + [[/, M]i = (d, M)a + [M, M]^. 

This means that the dimension of the homomorphism space is constant on 7r~^ (Om) 
and we obtain that r = (d, Af)^ + [M, M]q. Moreover, IRep^ is irreducible as an 
open subset of IRcp. 

We then have that IRcpHomg^^^^^ (d, Ai')^ is irreducible, since it is a vector 
bundle on IRep^ by example 4.11. Take the open subvariety IRepInj(d, Af )r of 
IRepHom(d, M)r where the morphism to M is injective. It is irreducible as an 
open subset of an irreducible variety. The projection from this variety to Fig ('^ ) 

is surjective since ^^^{Om) is contained in IRep(d)(r), and therefore Fig (^) is 
irreducible. □ 

We now want to interpret theorem 4.12 in terms of Hall numbers. Let Xq be 
a variety defined over a finite field Fg, where q = for a prime n. Denote by 
¥q the algebraic closure of and by X := Xq (gi Fg the variety obtained from Xq 
by base change from ¥q to Fg. Let F be the Frobenius automorphism acting on 
X. Denote by Q^) the ^-adic cohomology group with compact support for 
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a prime € ^ p, see for example [FK88]. Denote by the induced action of F on 
cohomology Q^). P. Deligne proved the following theorem. 

Theorem 4.13 (P. Deligne [Del80], 3.3.9). Let Xq be a proper and smooth variety 
over ¥q. For every i, the characteristic polynomial det(Tid — F% Q^)) is a 

polynomial with coefficients in Z, independent of £ ( £ ^ p). The complex roots a 
of this polynomial have absolute value \a\ = q^. 

Moreover, the Lefschetz fixed point formula yields that 

#Xo{¥g.) = J2i-^yT^<{FT,H\X,qe)). 

i>0 

Assume now that there is a polynomial P G Q[t] such that, for each finite field 
extension L/¥q we have that #Xo(-L) = P(|L|), \L\ being the number of elements 
of the finite field. We call P the counting polynomial of Xq. Then we have the 
following. 

Theorem 4.14. Let Xq be proper and smooth over Fg with counting polynomial P. 
Then odd cohomology of X vanishes and 

dim Xq 

P{t)= dimH^\X,Qi)f. 

i=0 

Proof. See [CBVdB04, Lemma A.l]. □ 

Assume now that F is a projective scheme over Z and set Yk := Y(g)k for any field 
k. Note that for Y i!-adic cohomology agrees with £-adic cohomology with compact 
support. Assume furthermore that there is a counting polynomial P £ Q[t] such 
that, for each finite field k, we have that ifYk{k) = P{\k\). By the base change 
theorem [FK88, Theorem 1.6.1] we have 

H'{Y^Me) = H\Yc,Qe)- 
By the comparison theorem [FK88, Theorem 1.11.6] wc have 

W{Yc,Qi) = W{Yc{C),Qe), 

where on the right hand side we consider the usual cohomology of the complex 
analytic manifold attached to Ic- 

Moreover, there is an open, dense subset U of SpecZ such that W{Y-^^,Q() S 

H^{Y^,Qi) for all v £ U, where k{v) denotes the residue field at v. This means 
that for almost all primes p we have that 

H'{Y^,Qe) = H\Y^,qe) ^ W{Yc{C),Qe). 

Therefore, if we know the Betti numbers of Yc(C), then we know the coefficients 
of the counting polynomial. In order to apply this to our situation we use the 
following theorem of W. Crawley-Boevey [CB96b] . 

Theorem 4.15. Let M be an fc-representation without self-extensions. Then there 
is a Z-representation N such that M = N ^ k and for all fields K we have that 
Eid{N^K,N^K) = 0. 

Putting all this together, we obtain the following. 
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Theorem 4.16. Assume that there is an M e Ad{Q), being a direct sum of excep- 
tional representations, such that 

dim ExtQQ (M, M) = codim Ad- 

Let be a Z-rcprcscntation and P G Q[t] a polynomial, such that N (g) Q = M 
and #F1q {^f") = P{q) for every prime power q. Then P(0) = 1 and P(l) = 

X (fIq rf)) > 0. 

Moreover, if Q is Dynkin or extended Dynkin, then there is a representation N 
and a polynomial P with the required properties. 

Proof. Let X := Fig (^) as a scheme over Z. Using theorem 4.12 we obtain that 

Xk is smooth and irreducible for every field k. By the previous discussion we have 
then that the i-th coefficient of P is exactly dim if^*(Xc(C), Q^) and that odd 
cohomology vanishes. Therefore, 

< ^dimif2i(Xc(C),Q^) =x{Xc) = P{1). 

By irreducibility we have that 

P(0) = dimifO(Xc(C),Q^) = l 

and this proves the first claims. 

If Q is Dynkin or extended Dynkin, then let N be the Z-representation given 
by theorem 4.15. We have the polynomial P since we have Hall polynomials in 
both cases for exceptional representations by results of Ringel [RinQOb] and Hubery 
[Hub07]. □ 

Let 5 be a prime power and M an Fg-representation of a Dynkin quiver Q. If 
Om = Aw for some word w in simples, then = 1 mod q. Therefore, in the 
Dynkin case, the generic coefficient in the expression in the Hall algebra is equal 
to one modulo q. In section 6 we will show that even more is true, namely that 
every non-zero coefficient in this expression is equal to one modulo q. 

5. A geometric version of BGP reflection functors 

In this chapter we want to define a geometric version of BGP reflection functors. 
First we recall the definition of the usual BGP reflection functors as introduced by 
Bernstein, Gel'fand and Ponomarev [BGP73]. Then we go on to define reflection 
functors on flags of subrepresentations. In the remainder of this paper we fix a field 
k and consider only k-vahied points of all varieties, if not otherwise stated. 

Now we recall the definition of BGP reflection functors. The main reference for 
this section is [Rin84]. For a nice introduction see [Kra07]. 

Let Q be a quiver and d be a dimension vector. For each vertex a G Qo we have 
the reflection 

CTa : ZQo -» ZQo 

d- {d,ea)Qea- 

If Q has no loop at a, one easily checks that cr^d = d. 

We also define reflections on the quiver itself. The quiver (jaQ is obtained from Q 
by reversing all arrows ending or starting in a. If a: a ^ j is an arrow in Qi, then 
we call a* : j ^ a the arrow in the other direction and analogously for a: i a. 
We have that {<TaQ)o = Qo^ therefore we can regard aad as a dimension vector on 
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(JaQ- Obviously, cr^Q = Q if wc identify a** with a (and we will do this in the 
remainder). 

If a is a sink of Q, we define for each fc-reprcscntation M of Q the homomorphism 

Dually, if 6 is a source of Q, we define 

a:6— >j 

Note that Dcj)^^ = (f)^, where D denotes the fc-dual, and that da — lankcj)^ = 
dimHom(X, Sa) for a a sink of Q and a representation X of dimension vector d. 

We define a pair of refiection functors S'+ and . To this end we fix a k- 
representation M of Q of dimension vector d. If the vertex a is a sink of Q we 
construct 

Sa ■ rep(Q, k) iep{aaQ, k) 
as follows. We define S'^M := N by letting := Mj for a vertex i ^ a and 
letting TVa be the kernel of the map Denote by i: Ker^^ ©Afj the 

canonical inclusion and by tTj : © — > the canonical projection. Then, for 
each a : z ^ a we let Na- : Ker (f)-^ Mi be the composition Wi o l making the 
following diagram commute 

> Kevcp^ —-^ ©M,- . Ma 



Mi = Mi. 

We obtain a ^-representation N of aaQ- We call this representation S+M. This 
construction yields a functor 5'+ . 

Let s := da — rank (f>^^ be the codimcnsion of Im (p^ in Ma- We have that 

Ca := dim(S'+M)a = ^ - rank$^ = da - {d,ea) + s = da - s - {d- sea, 

a:z— 

Therefore, dim (S^M) = (Ja{d— sca) = o-o(rf) + se^. Dually, for a sink of 6 of Q we 

obtain a functor . 

For a sink a of Q we have that is a pair of adjoint functors and 

that 5+ is left exact and S~ is right exact. There is a natural monomorphism 

La,M' SaSaM M ioT M E rcp{Q , k) and a natural cpimorphism '7ra,N' N — > 
S^SaN for N e rep(CTaQ, fc). We have the following lemma. 

Lemma 5.1. Let a be a sink and X an indecomposable fc-representation of Q. Then, 
the following are equivalent: 

(1) X ^ Sa. 

(2) SaX is indecomposable. 

(3) S+_X ^ 0. 

(4) S^X = X via the natural inclusion. 

(5) The map (f>^ is an epimorphism. 

(6) aa(dimX) > 0. 

(7) dim5+X = a„(dimX). 
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An sequence (ii, . . . of the vertices of Q is called admissible, if ip is a sink 
in (Ji^_^ ■ ■ ■ o'i^Q for each 1 < p < r. An admissible sequence is called achnissible 
ordering if each vertex of Q appears exactly once in the sequence. Note that there 
is an admissible ordering if and only if Q has no oriented cycles. Such a quiver 
is called acyclic. In the following we always assume that Q is acyclic. For any 
admissible sequence of sinks w = (zi, . . . , i^) define 

St, := St 0...0 Si. 

liw = (ii, . . . , i„) is an admissible ordering of Q, we define the Coxeter functors 

C+:=5+o...o5+ C-:=5-o...o5r. 



Since both reverse each arrow of Q exactly twice, these are endofunctors of rep((5, k). 
Neither functor depends on the choice of the admissible ordering. 

A fc-representation P is projective if and only if C+P = 0. Dually, a k- 
representation / is injective if and only if C~ I = 0. An indecomposable k- 
representation M of Q is called preprojective if (C+)''M = for some r > 
and preinjective if {C~yM = for some r > 0. If M is neither preprojective nor 
preinjective, then M is called regular. 

An arbitrary fc-representation is called preprojective (or preinjective or regular) 
if it is isomorphic to a direct sum of indecomposable preprojective (or preinjective 
or regular) representations. 

Let M be a ^-representation of Q and d a filtration of dim M. We want to define 
reflections on a flag U e Fig (^). Let a be a sink and let U e Fig (^). Then, for 
each i, we have the following commutative diagram with exact rows. 

— > istu^-')a — ^ ec/r' im-^a'"^ — ^ 



Im^ 










Im 





— . (5+[/0a — > m] — r — ' 

By definition, g and the map in the middle arc injective. Therefore, / is injective. 
This immediately yields that StU is a new quiver flag of 5'+M = StV . The 
problem is that the dimension of StU^ is dependent on the rank of . This 
motivates the next definition. Recall that da — rank^^ = dimHom(X, 6*0) for a 
representation X of dimension vector d. 

Definition 5.2. Let a be a sink, d a dimension vector and s an integer. Define 

RepQ(rf) lyaY := { M e RepQ(d) | dimHom(M, S^) = s } . 

Let d be a (i^ + l)-tuplc of dimension vectors and r = (r*', r"^, . . . , r"^) be a 
{y + l)-tuple of integers. For each representation M define 

Fig {af := I [/ e Fig (^^^ dimHom(C/S 5„) = | . 

Moreover, let 

R'epg(rf) (a) := RepQ(rf) (a)° 
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and 

Remark 5.3. Recall that a filtration d of dim M is a sequence of dimension vectors 
such that (f = 0, (F = dim M and that (f < (f^^ . In order to know a filtration d 
it is enough to know the terms d^, . . . ,d'^~^, since d° is always and df^ is always 
dim M. Therefore, we identify the (i/— l)-tuple (d^, . . . ,d'^~^) with the (z^+l)-tuple 
d. 

Example 5.4. Let 



Consider the representation M given by Mi — A'h — k"^ and Ma = (oo)- 
have that M e RepQ((2, 2)) (2)\ Now consider flags of type ((0, 0), (1, 1), (2, 2)), 
i.e. subrepresentations N of dimension vector (1,1). We need two injective linear 
maps /i, /2 : k^ k'^ making the following diagram commutative. 




We have the following situations. 

• N ^ Grg ((f 1)) (2)^: This means that Na = 0. Therefore, we need that 
the image of /i is in the kernel of M^, which is 1-dimensional. Hence, 
a subrepresentation in Grg {(i^i)) (2)^ is given by /i = (J) and J2 being 
an arbitrary inclusion. The point /i = /2 = ( 1 ) is special, since for this 
inclusion we have that M /N ^ Si (B S2 and otherwise M/N ^ k ^ k. 

• N € Gtq {^^[^) (2)°: This means that iV„ ^ 0. Therefore, we need that 
the image of fi is not in the kernel of M^, which is 1-dimensional. Hence, 
a subrepresentation in Grg ((f^)) (2)° is given by /i = /2 = (^) for any 
X G k. 

The variety Grg ((f 1)) consists therefore of two glued together at one point. 
Graphically, 



-«(<u,)--(a:'))<^>'--((u,)<^>" 




Note that the Grassmannian is neither irreducible nor smooth. 

In order to get rid of r we define the following maps and then look at the fibres. 

Definition 5.5. Let a be a sink, d a dimension vector and M G KepQ{d) (a)^ for 
an s € N. We have that M = M' ® for some element M' € RepQ(c? - se^) (a). 
Without loss of generality we can assume that M = M'(DS^ and we set tt^A/ M'. 
Obviously, tt^M is unique up to isomorphism. 
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Now let d be a filtration and r — (r", . . . , r'^) & {v -\- l)-tuple of integers. Define 
U^V where := 



Remark 5.6. Note that ttoM is ta.M'S'o ^t^- 

Example 5.7. Coming back to example 5.4 we see that ■k\ collapses Grg ((^j) (2)^ 
to the point 

(1,0, )<^)- 

The fibre of 7r| over this point is the vector space Grassmannian Gr (^\), being 
isomorphic to Pj.. 

We now introduce a little bit more notation. If d is a sequence, then denote 
by d the sequence given by ( d)' = rf"^"'. Moreover, we define the sequence e by 
e* := — d"^"*. Therefore, if d is a filtration of (T , then e is a filtration of d'^. 

The fibre of the map tt^ is a set of the following type. 

Definition 5.8. Let e = (e°, e^, . . . , e"^) and r = (r°, r^, . . . , r'') be sequences of 
non-negative integers such that e + r" is a filtration. Let A^^i be the quiver 

0^1^2^3^ ^u. 

Then define 

Remark 5.9. The fc-representation X'^'^ e rep(Ay+i,A;) is injective and its isomor- 
phism class does not depend on the choice of the surjections. 

Lemma 5.10. Let e = (e", e^, . . . , e'^) and r = (r", r^, . . . , r^) be sequences of non- 
negative integers such that e+ V is a filtration. Then X^'^ has a subrepresentation 
of dimension vector r if and only if e is a filtration of e'^ . Moreover, if fc is a finite 
field with q elements, then the number of fc-subrepresentations is given by 



In particular, this number is equal to 1 modulo q if and only if the set of subrepre- 
sentations is non-empty. 

Proof. We prove this by induction on v. 

V = Q: There is a subspace of dimension r° of if and only if e° > 

and, for k a finite field of cardinality q, the number of those is obviously 
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V >\: If {U^ , , , . . . , U^) is a subrepresentation of dimension vector r 
of X'^'^, then ([/^, C/^, . . . , V^) is a subrepresentation of dimension vector 
(ri,r2,...,r'') of Therefore, by induction, < 

gi+i fQ]. < i < I/— 1 and < e". The preimage of under the surjection 
from C/° has dimension + {{e" + r°) - {e"-'^ + r^)) = - e^^-^ + r^. 
Since C7 is a subrepresentation, we must have that C/° C V . Therefore, 



r° or equivalently e'^ ^ < e'^ . 



then 



On the other hand, if e° > and e' < e'+^ for all < i < 
there is a subrepresentation {U^ , . . . ,17") of X''' -••■'■'')'(<5 ,., 
of dimension vector (r^, r^, . . . , r'^) by induction. As before, the dimension 
of the preimage V of under the surjection from has dimension e'^ — 
pV-\ _|_ j,o > ^0 j-f choose now any subspace of dimension r° in V , 
then we obtain a subrepresentation of X^'"^ of dimension vector r. 

If A; is a finite field of cardinaUty then, by induction, we have that 
the number of subrepresentations of X^*" ^'f*^ ) of dimension 

vector (r^, r^, . . . , r'^) is equal to 



n 



- e" 



To complete such a subrepresentation to a subrepresentation of X*"'*^ we 
have to choose an r'^-dimensional subspace of an (e''— e''~^+r'^)-dimensional 
space. Therefore, the number of subrepresentations is equal to 



n 

9 1=1 



This yields the claim. 



□ 



Theorem 5.11. Let a be a sink of Q, d a filtration, r a l)-tuple of non-negative 
integers and M e RepQ(d''). Then 



Fir 



(a)- -Fig 



d-rca 



(a) 



is surjective and the fibre (tt^) ^(17) over any U e FIq J (a) is isomorphic 

to Gr^^ (^T- where e^~'^ := d'^ — (f. In particular the number of points in the 

fibre only depends on r and d and not on U. 

Proof. Fix a flag V e FIq (a). Let U G Fig (^) (a)''. The flag U is in 

(7r„)~^(y) if and only if [/j = 1/* for all j ^ a in which case Im(<l)^') = Vj. 
Therefore, we only have to choose C Mo such that C [/_^, JJ^^^^ c 
and dimi/^ = ^r all i. This is the same as choosing c Ma/V^ such that 

O^iUf^) C and dimJT^ = r' if we denote by 6^: Ma/Vt^ — the 
canonical projection. This is equivalent to flnding a subrepresentation of 



of dimension vector r. All the maps in this representation are surjective since V 
is a flag, therefore this representation of is isomorphic to X'''^. Since d is a 
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filtration of M we iiave tiiat e is a filtration. Therefore, Gva^ ("^r ") non-empty 
by lemma 5.10 and ttJ is surjective. □ 



Now we are nearly ready to do reflections. The only thing left to define is what 
happens on a source. If 5 is a source in Q, then 6 is a sink in Q°^, so we just dualise 
everything. Denote by D := Homfc (—,/;;). 

Definition 5.12. Let U e FIq C^^) and let e""* = - d\ Then define 
A , fM\ , fDM 

U {D{U)Y := ker(DM ^ D{U')) = D{M/U'). 

Remark 5.13. Obviously, D"^ = id and the map D is an isomorphism of varieties. 
Definition 5.14. Let 6 be a source, d a dimension vector and s an integer. Define 

Repgid) {by := { M e RepQ(d) | dimHom(S'(„ M) = s } . 

Let d be a + l)-tuple of dimension vectors and r = (r°, r^, . . . , r'') be a 
{u + l)-tuple of integers. For each representation M define 



dimHom(5'6,M/i7*) =r* 



Moreover, let 



RepQ(rf) (6) :=RepQ(d) (6)° 

and 

Remark 5.15. Note that U e Fig (^) {bf if and only if DU e FIqop {°^) {bf. 
Now we state the main result on refiections. 

Theorem 5.16. Let a be a sink of Q, d be a filtration and M e RepQ((|'') (a). The 
map 



U^S+U 

is an isomorphism of varieties with inverse D o o D = S~ . 
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Proof. First, we show that S^U lies in the correct set. Let e'^ ^ = d'^ — (f. For 
each i, we have the following commutative diagram with exact columns. 





{S+M/StU% 







© Mi 



© {M/U% 







,M/(7» 



Ma 



{M/UX 







The two top rows are exact since U G FIq (^) (a). By the snake lemma, we have 
that the bottom row is exact. Therefore, the map 

(5+M/5+C/^).^0(M/[/^), 



is injective and hence S+(M)/6'+(t/'') e Rep^_^Q(cra(e'' ')) (a). The diagram also 
yields that D o S+ o D o S+ = id. Since is a functor and all choices where 
natural, we have that S'^ gives a natural transformation between the functors of 
points of these two varieties. Therefore, it is a morphism of varieties. 

Dually, 5+ o £) o 5+ o £) = id. This concludes the proof. □ 



6. Reflection functors and Hall numbers 

First we recall the definition of the Hall algebra. The main references for this are 
Ringel [Rin90a] and Hubery [Hub]. Let fc be a finite field. Let M,N,X G rep{Q, k) 
be three fc-representations of Q. Then define 

F^^ — ^{UKXIU subrepresentation, U ^ N, X/U ^ M } . 

This is a finite number. 

Let HkiQ) be the Q- vector space with basis U[x] where [X] is the isomorphism 
class of X. For convenience we write ux instead of U[x]- Define 

[X] 

Then is an associative Q-algebra with unit 1 = uq, the Ringel-Hall 

algebra or just Hall algebra. The composition algebra is the subalgcbra Ck{Q) of 
HkiQ) generated by the simple objects without self-extensions. Note that HkiQ) 
and Ck{Q) are naturally graded by dimension vector. 
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To each vertex i G Qq there is a simple object Si given by {Si)i = k, {Si)j — 
for i ^ j and {Si)a = for all a e Qi. We set Uj := wg. for each i G Qq. If 
w = {ii, ... ,ir) is a, word in vertices of Q, we define 

:= Wl O • • • O Ur- 

By definition, there are numbers for each ^-representation X of Q such that 

X 

Let A; = Fg be the finite field with q elements and Q a quiver. Let w = {ir, • ■ • , ii) 
be a word in vertices of Q. Define a filtration d{w) by letting 

k 

j=i 

Then we obviously have = #F1q (^^)). Therefore, coefiicients in the Hall 

algebra are closely related to counting points of quiver flags over flnite flelds. In 
the following, we will use reflection functors to simplify the problem of counting the 
number of points modulo q. As an application, we will show that for a preprojective 
or preinjective representation X we have that # Fig (^) = 1 mod q if Fig (^) is 

non-empty. 

Lemma 6.1. Let a be a sink of Q, fc a field, d a filtration and M G RepQ((i'', fc). 
Then 

(on both sides we possibly have cxd). 

Moreover, for each sequence of non-negative integers r, if Fig {^^^^ ) {a) is non- 
empty, then so is Gr^^ ^ 
Proof. We have that 



^.(:)^u/.(:)<»r. 



r>0 

By theorem 5.11, we have for each sequence of non-negative integers r that 

By the same theorem we have that if Fig {^^^^ ) {a) is non-empty, then so is 

Lemma 6.2. Let o be a sink of Q, A; a field, d a filtration and M e Repg(rf'', k) (a)*. 
Let r+ = ■r+(d) be given as follows: 



0; 

-1 I 



= max{0, - + r^"^} for < i < 



= s. 



Now let r be a sequence of integers. If Fig ( ^) {aY is non-empty, then r > r+ 
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Proof. Let U e FIq (*^) (a)''. By definition, Hom([/\ Sa) = r\ We have 

r* = codim Im = dimker$„' + - ^ = dimker$^' - {(Ja^)a- 

We prove r' > r!^ by induction on i. For i = the claim is obviously true. Now let 
< i < u — 2. Obviously, dimker$^' < dimker$^'^\ Therefore, 

r-; + {(Tad')a < r' + {a A = dimker$f < dimker$f = r'+^ + 

Hence, r''+i > max{0, {aa{d' - d'+^))a + r^} = r'+\ 
For r'^ note that, by definition, If^ = M and therefore 

r" = codim Im = codimIm$^ = s. 

□ 

Remark 6.3. Note that r+(d — r+(d)ea) = since 

<Jaid' - d'-\ + r\{d) - rX\d) > T\{d) - r\{d) = 0. 
For any filtration d of some representation M it is enough to remember the terms 

since we always have = and d^ = dim M. Note that the rule to construct r\. 
for < i < 1/ depends neither on (f nor on d^ . Therefore, we can define 

Std = S+{d\.. . := {cTad' + rle,, a^d"-' + r^-i). 

If d is a filtration of M, then S+d is a filtration of S+M if and only if {S+d)"-^ < 
dim S+M. 

Corollary 6.4. Let a be a sink, k a field, d a filtration and M e RepQ(d'',A;) (a)*. 
Then 

In particular, if fc is a finite field of cardinality q, we have 



# 



Proof. By lemmas 6.1 and 6.2 we obtain that 

Note that cra(d*-(?'* + ?'+)ea) = (5'+d)* + r*ea for allO < i < v. Therefore, theorem 
5.16 yields that 

This proves the first claim. 

Now let fc be a finite field of cardinality q. If Gr^^ ( r+r+ ) non-empty, 
then its number is one modulo q by lemma 5.10. The second part of lemma 6.1 
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yields that whenever FIq {^_(^'!^_^-^^J (a) is non-empty, then Gr^, °) is 

non-empty. This finishes the proof. □ 

We obtain the following. 



Theorem 6.5. Let a be a sink, k a field, d a filtration and M e RepQ{d'^ ,k) (a)*. 
Then Fig (^^) is empty if and only if Fl^^g ( ^■ 
Moreover, if A; = Fg is a finite field, then 

#F1q 

Proof. By corollary 6.4 we obtain that 



J=#FW,(;,J mod,. 



IS 



Note that 5+d is a filtration of if and only if (S'+d)'""^ < dim S^M. There, 

fore, if 5+d is not a filtration of S'^ M, then each FI^^q { c^''^^[.^ ) ('J') is empty foi 

all r > and hence, so is FIq (^). In this case, we also have that F1o.„q (5+^) 
empty. Both claims follow. 

Assume now that 5+d is a filtration of S^M. We have that 

via D. Let / := dim S^M— S^d. By using lemma 6.1 we obtain that 

fDS+M\ /X''•(•5^^^)A fDS+M\ 

Moreover, by the same lemma we have for each r > that if FI^^qop t^) (a) is 
non-empty, then Gr^,^ ( - J is non-empty. Using D yields 



fDSfM\ ( S+M 



{»)■ 



Combining these equalities, we have that 



Therefore, Fl^j^g (^'+^) is empty if and only if for all r > we have that the variety 

Fl<Ta(3 is+d+re ) ^'^^ empty. The same is true for FIq (^) and this proves the first 
claim. 

Now let A; be a finite field with q elements. By the first part, if Fl^^g is+d+re ) 
is non-empty, then Gr^^ ( ^ j is non-empty. Therefore, lemma 5.10 yields 
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that 



By corollary 6.4 this is equal to #F1q (^). This finishes the proof. □ 

Remark 6.6. The Coxeter functor C"*" is by definition the composition of reflection 
functors associated to an admissible ordering (ai, . . . ,a„) of Q. The action on a 
filtration, which we also denote by C+, is given by C+d := . . •S'+d. It is 
not clear that C+ on a filtration does not depend on the choice of the admissible 
ordering. 

We immediately obtain the following. 

Corollary 6.7. Let M be a prcprojcctivc ^-representation and let d be a filtration 
of dim M. Take r > such that {C+fM = 0. 

Then Fig (^) is non-empty if and only if we have that (C+)''d = and that 
for every intermediate sequence w of adinissible sink reflections S^^,d is a filtration 
of S^M. In particular, this depends only on the isomorphism class of M and the 
filtration d, but not on the choice of M or the field k. 

Moreover, if fc is a finite field with q elements, then Fig (^) non-empty implies 
that 

#Flg(^^^=l modg. 

Proof. Using remark 6.3 we obtain that for each reflection at a sink a of Q we have 
that S+d is again a filtration of S+M if and only if {S+d)"-'^ < dim S+M. If 
this is not the case, then the quiver flag is empty by theorem 6.5. Therefore, if the 
quiver flag is non-empty, then for every intermediate sequence w of admissible sink 
reflections we have that S+d is a filtration of S^M. We call this condition (*). 
Assume that (*) holds. Iteratively applying theorem 6.5 we have that Fig (^) 

is empty if and only if Fig ('(^4-^^) — Fig {i^c+Yd) empty. There is only one 
filtration of the representation, namely (0,0, ... ,0). Therefore, Fig (^) is non- 
empty if and only if {C'^Yd = 0. This proves the first part since we already have 
seen that if (*) does not hold, then Fig is empty. 

Assume now that is a finite field with q elements. If (*) does not hold, then 
the quiver flag is empty and the claim holds. Assume therefore that (*) holds. As 
before, applying theorem 6.5 yields that 

There is only one filtration of the zero representation, namely (0, 0, . . . , 0), and the 
number of fiags of this type is obviously equal to one. This concludes the proof. □ 

7. Dynkin case 

In this section let Q be a Dynkin quiver. We first introduce the generic Hall 

algebra 'Hq{Q) and the composition monoid CM.{Q) and then use the results of the 
previous section to show that 'Ho{Q) = C^A{Q), where the isomorphism is given by 
sending Uj to 5j. 
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Since Q is Dynkin, every representation is preprojective. Moreover, indecompos- 
able representations of Q arc in bijection with the set of positive roots A_|_ of the Lie 
algebra corresponding to the underlying Dynkin diagram. An isomorphism class is 
therefore given by a function from A_|_ to N with finite support. We denote this set 
by $. For each element ;U e $ and each field k we can choose a fc- representation 
M(/i, k) having isomorphism class fi. 

Hall polynomials exist with respect to as shown by Ringel [RinQOb]. More 
precisely, for ^, z/, ^ G $ there is a polynomial f^^{q) € ^[gr] such that for each finite 
field k with qi- elements we have 

^ M(fi,k)M(i^,k) JinyyJkJ- 

We define the generic Hall algebra Hq{Q) to be the free Z[g]-module with basis 
{ua \ a £ ^} and multiplication given by: 

i 

The generic composition algebra Cq{Q) is the subalgebra of Ti.q{Q) generated by the 
simple representations without self-extensions, or more precisely their isomorphism 
classes. For an acyclic quiver theses are exactly the Wj. If the quiver is fixed, then 
we often write Tig and Cq instead of Ti.q(Q) and Cq{Q). Moreover, for convenience 
we identify for any representation M = M(a, fc), um with u„ and /j^jv with f^^{q). 

When calculating Hall polynomials, certain quantum numbers appear. Let R be 
some commutative ring and let q E R. Usually R will be 1'[q], the polynomial ring 
in one variable. We define for r,n G N, < r < n: 



1 + q- 



r „\ n - r „\ 



Obviously, 



1. 







Fix an algebraically closed field k. We say that a representation M degenerates 
to N, M <dcg N , ii On Q Cm, where we take the closure in the Zariski topology. 
For two arbitrary sets U C Rep (d) , Q Rep (e) we define 

£{U, V) := {M G Rep(d +e)\3AEU,B eV and a short exact sequence 

The multiplication on closed irreducible GL^-stable respectively GLg-stable sub- 
varieties A C Rep(d),B C Rep(e) is defined as: 

The set of closed irreducible subvarieties of nilpotent representations with this mul- 
tiplication is a monoid with unit Rep(O), the generic extension monoid M.{Q). The 
composition monoid CM.{Q) is the submonoid generated by the orbits of simple 
representations without self-extensions. All this is due to Reineke [Rci02]. For any 
word w = (ii, . . . , v) in vertices of Q we define Ay, := Osi * • • • * Os^- This is an 
element of CM{Q). 
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We can now use the machinery we developed in the previous section to prove 
that, for Q a Dynkin quiver, the generic composition algebra specialised at g = 
and the composition monoid are isomorphic. 

Proposition 7.1. Let X be a fc-rcpresentation of Q and w a word in vertices of Q. 
Then the condition that X has a filtration of type w only depends on w and [X\ S $ 
and not on the choice of X or the field k. 
Moreover, we have that 

[X]G[^„] 

Proof. Since all representations of Q are preprojective, the first part of the state- 
ment follows directly from corollary 6.7. Therefore, the sum in the second part is 

well-defined (i.e. the set [Aw] does not depend on the field). 

If A; is a finite field with q elements, corollary 6.7 also yields that 



i^^ = #FlQ 



X \ _\l mod q if X e A 
d{w) / 1 else. 



Since = f\^\q) and we just showed that this is one modulo q for all prime 
powers q we have that 

This yields the claim. □ 

We obtain the main theorem for the Dynkin case. 
Theorem 7.2. The map 

<^M{Q)^Ho{Q) 
A^ ^ 



«[M] 



is an isomorphism of Q-algebras. 



Proof. Note that for Q Dynkin we have that M{Q) = CM{Q) and HqiQ) = Cq{Q). 
Therefore, for each A G M.{Q) there is a word w in vertices of Q such that A = Aw 
In the previous proposition we showed that the map sending Aw to 

'^{Aw) = ^ M[M] = Uyj 

[M]e[^„] 

is well-defined. Therefore, is a homomorphism, since 

* A) = = = O Wi, = *(A) O *(A)- 

^ is surjective since it is a homomorphism, and the generators Ui of Ti-oiQ) 
the image of More precisely, ^'(C'si) = "i- Obviously, ^ is a graded morphism 
of graded algebras. The dimension of the d-th graded part of QAi {Q) is the same as 
the dimension of the d-th graded part of Ho{Q), namely the number of isomorphism 
classes of representations of dimension vector d. Since each graded part is finite 
dimensional and ^' is surjective, we have that ^' is an isomorphism. □ 
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8. Further work 

In an upcoming paper, we show that if Q is an acydic extendend Dynkin quiver, 
then 

Co{Q)^CM{Q) 
Ui > Si 

is a homomorphism and give generators for its non-trivial kernel. We do this by 
a close analysis of the geometric version of reflection functors and the result of a 
previous paper on the Hall algebra of an oriented cycle. 
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